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The Problem
● Undirected graph G=(V,E)

○ In our application, usually a molecular network with |V| = O(1K) and 
|E|=O(10K), e.g. protein interaction networks.

● Objective function f : 2V→ [0,∞)
○ f(S) = 0 if S ⊆ V does not induce a connected subgraph
○ The objective is to find all S that maximize f(S) (or have f(S) > t for a 

given threshold t)

● Bounding function fb : 2
V→ [0,∞)

○ f(S’) ≤ fb(S) for all S’ ⊇ S
○ Efficient enumerative algorithms can be developed using fb



Application: Combinatorial Dysregulation

High J(fS ; C) → State function fS is informative of phenotype.

Bounding function Jb available such that J(fS’ ; C) ≤ Jb(fS ; C) for all fS ⊆ fS’

Chowdhury et al., RECOMB, 2010



Efficient Enumeration of S
1. Completeness : All maximal connected vertex sets S with f(S) ≥ t must be 

generated.

2. No overhead : All generated vertex sets must induce a connected 
subgraph in G.

3. No redundancy : Each vertex set must be generated at most once.

4. Optimal order of evaluation : If S and S’ are connected vertex sets and 
S ⊂ S’ then S must be evaluated before S’ so that if fb(S) < t, generation of 
S’ can be avoided. 



Existing Methods
● Breadth-First Enumeration
● Depth-First Enumeration
● Reverse Search



Breadth-First Enumeration
● Generate all |S|=k that satisfy fb(S) before those of size k+1.

● Most computationally efficient implementation satisfies all 4 criteria.

● Memory O



Breadth-First Enumeration Example



Depth-First Enumeration
● Add vertices to S that have not been visited.

● Satisfies criteria 1-3 but not “optimal order of enumeration”.

● Memory O(k*|V|)



Depth-First Enumeration Example



Reverse Search (Avis and Fukuda, Discrete Applied Math., 1996)

● Frames the problem by defining a canonical form of each connected 
induced subgraph and a gradient like function g(S) that determines the  
parent of every subgraph. A vertex set S’ in the Reverse Search tree is the 
parent of vertex set S if S induces a connected subgraph in G and 
S’ = g(S).

● Satisfies “optimal order of enumeration” and “completeness” but does 
not satisfy “no overhead” and “no redundancy”.

● Memory O(k)



RS Enumeration Example 



Unnecessary Rejections
If a vertex set S’ is generated although there is a S ⊂ S’ 
that does not satisfy the bound threshold, it is an 
unnecessary rejection because fb(S) < t implies f(S’) < t



Unnecessary Rejection (Breadth-First)
f(4) < t



Unnecessary Rejection (Depth-First)
f(4) < t



Unnecessary Rejection (Reverse Search)
f(1) < 2



Unnecessary Rejections
● If f(S) and/or fb(S) are computationally intensive, it would be best to 

evaluate as few S as possible to find optimal solutions.

● The “optimal order of enumeration” criterion facilitates design of 
algorithms that can eliminate unnecessary rejections. This can be relaxed 
so that we instead seek to minimize the number of unnecessary rejections.

The focus of this work is to minimize the number of 
unnecessary rejections while enumerating all S ⊆ V 
such that f(S) ≥ t.



Proposed Method: BDDE
● Breadth-First Discovery, Depth-First Exploration

○ Main Contributions
■ Uses a hybrid of depth-first and breadth-first enumeration to 

generate vertex sets satisfying the “optimal order of 
enumeration”

■ Previously enumerated S are used to reduce the search space 
while enumerating S’ ⊃ S, i.e. minimize unnecessary rejections.

○ Main operations
■ Extension, i.e. S’ U v ∈ G
■ Re-search, i.e. S’ U v ∈ S (incremental set union)



Anchor Vertices
● For an anchor v ∈ G,

enumerate all S ⊆ V
s.t. v ∈ S, then remove
v from G.

● In some ways this
compromises the “optimal
order of enumeration”,
but it allows us to
reduce unnecessary 
rejections of S containing
v...



Local Enumeration Tree
All S comprised of anchor vertex v=A and subsets of its direct neighbors in G 
can be represented by a binomial tree.



Reducing Unnecessary Rejections
The process of constructing the binomial tree by copying all existing branches 
to each new sibling intrinsically reduces unnecessary rejections.



BDDE Enumeration Tree
If we mark vertices as 
visited breadth first, and 
explore them depth first 
we can perform the 
local search and global 
search simultaneously 
by appending the depth 
branches of siblings in 
the same way as 
building a binomial tree 
around an anchor 
vertex.



BDDE Enumeration Tree
● Vertices marked as visited are stored in set X, where X 

is initialized to contain the starting anchor vertex X={v}

● Unvisited vertices adjacent to v are defined as: 

Adjv = {u : uv ∈ E} \ X

● We explore the vertices u ∈ Adjv depth first after adding 

Adjv to X. We remove Adjv from X after all u ∈ Adjv 

have been explored.

























Correctness
● “completeness”, “no redundancy” and “no overhead”

○ Theorem 1: Given an input graph G, an anchor vertex v ∈ V and a 
function fb s.t. for any S, fb(S) ≥ t, BDDE uniquely enumerates all 
S ⊆ V containing v.

● “optimal order of enumeration”
○ Theorem 2: Given an input graph G, an anchor vertex v ∈ V and a 

function fb where fb(S) ≥ t for any S ⊆ V, BDDE enumerates all 
S ⊆ V containing v in an order such that all S’ ⊂ S containing v are 
enumerated before S.



BDDE Enumeration



Unnecessary Rejection (BDDE)
f(4) < t 



Unnecessary Rejection (BDDE)
f(3) < t



Simulation Results
● Real networks

○ Human PPI network from Human Protein Reference Database 
(HPRD): 37080 interactions among 9455 proteins (Kesheva et al., 
NAR, 2009)

○ Citation network from arXiv: 28958 co-authorship relations among 
5241 authors (Leskovec et al., ACM TKDE, 2007)

● Simple Problem
○ Assign random weights w(v) to vertices from truncated Gaussian 

distribution with positive mean μ and standard deviation σ.
○ Subgraphs are scored as:

       fb(S) = f(S) = 1 / Σv∈Vw(v)
Monotonic because scores 0 ≤ w(v) ≤ 2*μ

○ Given threshold t, enumerate all connected induced subgraphs with: 
       |S| ≤ k, f(S) ≥ 1/t



Rejected / Evaluated

arXiv
μ=10
k=5

σ=1 σ=5 σ=9

HPRD
μ=10
k=4



Runtime Comparison

μ=10
σ=5

HPRD, k=4 arXiv, k=5



Performance in CRANE
● Depth-first implementation of CRANE was used previously to identify 

network signatures of survival in Glioblastoma Multiforme
○ Patel et al., PLoS Computational Biology, 2013
○ We compare BDDE against DFS using the same dataset and identical 

parameter configuration

Method Evaluated Rejected

DFS 18247502 17951812

BDDE 2829026 2707207

DFS/BDDE = 6.45 DFS/BDDE = 6.63



Conclusion
● BDDE is specifically designed to utilize bounds on the objective function 

(or hereditary properties in general) to efficiently enumerate all connected 
subgraphs

● BDDE outperforms depth-first enumeration in terms of number of 
subgraphs evaluated and runtime for recursive implementations

● Future Work
○ Can we derive a bound for the memory used by BDDE?
○ Does a method exist that completely avoids unnecessary rejections 

and satisfies the “no overhead” criterion?
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Depth-First Enumeration Example



Reverse Search Enumeration Example



RS Enumeration Example 
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