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What is state complexity?

• State complexity is a descriptional complexity

measure for regular languages.

• The state complexity of a regular language

R, denoted SC(R), is the number of states

of a complete minimal deterministic finite

automaton (DFA) that accepts R.

• The state complexity of a class of regular

languages L is the maximum among all SC(L),

L ∈ L.
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• The state complexity of a set of classes of

regular languages is a function of the classes.

Example Let L be the language accepted by the following 10-state
DFA. It can be proved that the state complexity of LR is 210 (1024).
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It can be shown that the state complexity of the class of

regular languages that are the reversals of 10-state DFA

languages is 210.

It can also be shown that the state complexity of the class

of regular languages that are the reversals of n-state DFA

languages, n > 1, is 2n.
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Why state complexity (based on DFAs)?

• Checking the equivalence of two DFA can be done in

almost linear time [1], while the same problem for NFA,

respectively for regular expressions, is PSPACE complete.

• For each regular language, the minimal DFA that accepts

the language is unique up to an isomorphism. Also there

is an O(n log n)-time algorithm for the minimization of

DFA.

• The size of a complete DFA is totally determined by

the number of states when the alphabet is given.
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History of state complexity study

• In 1959, Rabin and Scott introduced the concept of

nondeterministic finite automata (NFA) and gave an

algorithm (the subset construction) to transform an NFA

to a DFA. The algorithm shows that the number of

states in a DFA that is transformed from an n-state NFA

is limited to 2n [27]. Later in 1963, Lupanov [21] and in

1971, F. Moore [24] and Meyer and Fischer [23] proved

that the bound is tight.

• Arto Salomaa studied state complexity issues already in

the sixties [28, 29].
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• In 1970, Maslov [22] studied the state complexities

of several basic operations on regular languages which

include union, concatenation, and star without rigorous

proofs. The results obtained by Maslov were surprisingly

acurate considering the condition at that time although

there are minor problems in his results.

For a given m-state DFA A, Maslov’s result for (L(A))∗

is (3/4)2m − 1. The correct result should be (3/4)2m

without “−1”. Note that Maslov used the incomplete

DFAs. However, even for incomplete DFAs, there should

be no ”−1” there.
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For a given m-state DFA A and an n-state DFA B,

Maslov’s result for L(A)L(B) is (m − 1)2n + 2n−1 with

n ≥ 3. This condition of the result can be improved to

n ≥ 2. For the cases n = 1, there should be a different

proof.

• The English term “state complexity” seems to have been

used first by Birget [2] in 1991. Unfortunately, in the

same paper, the main proof for the lower bound of the

number of states of a DFA that accepts the intersection

of the n languages each of which is accepted by an

n-state DFA was wrong.
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The paper by Yu and Zhuang [32] published also in 1991

corrected the proof by Birget.

• A number of other results concerning state complexity

issues published more than fifteen years ago by Leiss and

Birget [20, 3, 4].

• In 1994, in [33], Yu, Zhuang, and K. Salomaa

systematically studied the state complexity problems of

basic operations on regular languages.

• Campeanu, Culik II, Yu, and K. Salomaa later studied the

state complexity of basic operations on finite languages

in 1999 [5].
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• There are many results related to state complexity of

individual operations in the last ten years. We list some

of them in the following:

– Pighizzini and Shallit solved the state complexity

problem of unary language operations in 2002 [26].

– Nicaud investigated the average state complexity of

operations on unary languages in 1999 [25].

– Holzer and Kutrib studied the state complexity of

nondeterministic finite automata in 2002 [13, 14].

– Domaratzki studied the state complexity on

proportional removals of regular languages in 2002 [8].
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– Campeanu, Salomaa and Yu obtained the state

complexity of shuffle of regular languages in 2002 [6].

– Jirásková (one paper with Szabari) had several results

on state complexity issues including the catenation

and complement operations of finite automata in 2003

[16, 17, 18].

• In the last several years, the state complexity of combined

operations was considered and studied.

– In 2006, A. Salomaa, K. Salomaa and Yu [30] studied

the state complexities of two combined operations: star

of union and star of intersection. Their results show

that the state complexity of a combined operation may
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be very different from the mathematical combination

of the state complexities of the individual component

operations.

– In 2008, Gao, K. Salomaa, and Yu studied another two

combined operations: star of catenation and star of

reversal [10, 11].

– In 2008, Esik, Gao, Liu, and Yu studied the estimation

of state complexity of combined operations [9].

– In 2009, Gao and Yu studied the state complexity

approximation [12], which is a further development

from state complexity estimation.
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Why so many state complexity questions have been solved

now but not in the sixties and seventies?

1. Motivation

- In the 60’s and 70’s, the numbers of states of finite

automata used in applications were usually small. There

was no strong motivation from the practice to study

the state complexity issues in general then.

- In recent years, there have been many new applications

of finite automata, e.g., in natural language and speech

processing, software engineering, image generation and

encoding, etc. A large number of states are needed

in a finite automaton in many new applications. For

example, in natural language and speech processing,
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the Bell Labs multilingual TTS system needs 26.6

mbytes for German, 30.0 for French, and 39.0 for

Mandarin [19]. The study of state complexity problems

is strongly motivated by practical applications.

2. The help of computers

In the last ten to twenty years, a number of software

systems have been developed for the manipulation of

finite automata and formal language objects, e.g., Grail,

AMORE, Automate, FireLite, etc. Computers are

getting faster and storages are much larger. Many

results on state complexity are difficult to obtain

without the help of the computer software systems.
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The role of experiments
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